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We show that, for the transition between any two quantum Hall states, the semi-circle law and the 
existence of a duality symmetry follow solely from the consistency of the law of corresponding states 
with the two-dimensional scaling flow. This puts these two effects on a sound theoretical footing, 
implying that both should hold exactly at zero temperature, independently of the details of the 
microscopic electron dynamics. This derivation also shows how the experimental evidence favours 
taking the two-dimensional flow seriously for the whole transition, and not just near the critical 
points. 
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Quantum Hall systems are remarkable for the high ac- 
curacy with which many of their properties are known. 
Although an explanation based on general principles 
(gauge invariance) has been given by Laughlin [Q for the 
precise quantization of the Hall conductivity on the inte- 
ger Hall plateaux, a similar understanding of the robust- 
ness of the other Hall features does not yet exist. Our 
goal in this paper is to derive some of these as general 
consequences of the symmetries of the low-energy limit of 
these systems, independently of the microscopic details. 

The current understanding of the transport properties 
of quantum Hall systems is based on a very successful 
effective field theory consisting of composite fermions . 
The symmetry which we shall use in what follows was 
argued to be a property of the effective theory, under 
certain circumstances, in a seminal paper by Kivelson, 
Lee and Zhang (KLZ) ||]. These authors argue that the 
effective theory satisfies a law of corresponding states, 
which consist of the following correspondences between 
conductivities, in the long wavelength limit: 



Landau Level Addition Transformation (L) 

Cfxyiv + 1) ^ Oxy{v) + 1 a xx{v + 1) ^ Oxx{vY 



Flux Attachment Transformation (F) 



Pxy{v)^-'^ Px 



where v denotes the filling factor and we use units in 
which /h = 1. 

The arrows become equalities when the correspondence 
becomes a symmetry, and the conditions for this to be the 
case are discussed in Q — in particular this is expected to 
hold at zero temperature. Taking repeated powers of L, 
F and their inverses generates an infinite order discrete 
group, which we shall call the KLZ group and denote 
by /C, which is well known to mathematicians (see e.g. 
Q where it is denoted by Tu{2)). The complete group, 
including also the transformation P, which is an outer 
auto-morphism of /C, was first proposed as relevant to 
the quantum Hall effect by Liitken and Ross ^ 

The KLZ symmetry is most succinctly expressed by 
writing the conductivity tensor as a single complex vari- 
able, (T = axy + ioxx (with the resistivities therefore given 
by/3 = — l/cr = —pxy + 'i-Pxx)- Since the ohmic resistance, 
axx^ must be positive, the physical region consists only of 
the upper-half a plane. A general element of /C can then 
be represented as 7(0-) = ffq^ with integer coefficients, 

1. Note that JC maps 



ca+d 

such that c is even and ad — be 



2v + l 



2v+l 



• Particle-Hole Transformation (P) 



axy{l - l^) <-> 1 - CTxy{y) (Jxx{'^ -V)^ (Jxx{v) 



the upper half-complex conductivity plane into itself. 

The whole upper-half conductivity plane can be ob- 
tained from the vertical strip above the semi-circle of 
unit diameter spanning and 1 by repeated action of the 
KLZ group. This strip is termed the fundamental domain 
in the mathematical literature. 
Pxx{v)] The law of corresponding states can now be seen to 
imply that any quantum Hall state can be obtained from 
any other state by the action of some element of K.. Thus, 
for example, starting from cr = 1 we obtain the integer 
series a — n from L"^^, the Laughlin series a — „ , 
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from and the Jain series a 



from F'"LP- 



2pm +1 

It has already been pointed out [|12| that the KLZ group 
gives a selection rule for quantum Hall transitions — a 
transition between two Hall plateaux with a^y — pi/qi 
and = P2I12 is allowed only if |pi(?2— P29i| = 1- How- 
ever it implies much more if we examine the consequences 
for the /3-functions of the theory. 

Strong predictions can be made when KLZ symmetry 
is combined with the scaling theory of disorder as 
applied to quantum Hall systems [0-^. According to 
the scaling theory, conductances (so, in two dimensions, 
also the conductivities) are the macroscopic measures of 
microscopic disorder, and so are the relevant variables 
whose renormalisation group (RG) flow describes the sys- 
tem's long-wavelength evolution. The main tools for de- 
scribing this flow are then the /3 functions, which describe 
the scaling of a^x and a^y 

In this language the law of corresponding states be- 
comes the requirement that /C (and P) should commute 
with the RG flow (lO|-|l|]. The flow is described by a 
single complex /3-function: 

/3((T, ^) ^ ~^ ^ f3xy{<yxx,(^xy) + if3xx{<Jxx , Cr xy) , (1) 

and a simple calculation reveals that the flow commutes 
with the symmetry if |0] 



d-f{(j) f3{a, a) 



dt 



{ca + dy 



(2) 



where the property ad — he = \ has been used. 

We now describe some consequences which follow for 
the flow of any /3-function which satisfies eq. (|^) (and sub- 
ject to a global requirement concerning flow topology, as 
explained below) regardless of its detailed form. Previ- 
ous analyses have made further assumptions about the 
functional form of /3, |ll|Jl3| -[l6|l, but we shall avoid any 
such assumptions here and simply follow the implications 
of particle-hole symmetry. 

It is an immediate consequence of eq. @) that the (3- 
function must vanish at any point (called a fixed point) 
which is taken to itself — i.e. 7(17^) = cr* - by the ac- 
tion of a group element for which ccr^ + d is neither zero 
nor infinite 1^,0 . The only such fixed points within the 
fundamental domain are the one at cr* = -^(1 + «) — 
which is taken to itself by 7(0-) = (cr — l)/{2a — 1) — 
as well as cr = — with 7((t) = ~a/{2a — 1) — and 
a = 1 - with 7(cr) = (3cr - 2) /{2a - 1). must there- 
fore vanish at these three points (assuming it is finite). 
The consistency of KLZ symmetry with the flow thereby 
predicts universal values for the conductivity at the crit- 
ical points, a possibility which was argued within a more 
general context in ref. [ pTf . 

KLZ symmetry also requires the /^-function to vanish 
— and to have precisely the same critical exponents — 
at all of the images of the basic fixed points under the ac- 
tion of /C. There is indeed experimental evidence for this 



equivalence of the critical exponents at different quantum 
Hall transitions (known as super- universality) a 
result which had been also argued microscopically (ne- 
glecting electron self- interactions) |Q . 

It is not an inescapable consequence of the KLZ sym- 
metry that there be no critical points other than those 
which are fixed points of /C. However there is no experi- 
mental evidence for any other critical points in the quan- 
tum Hall effect, and so it would not seem unreasonable to 
assume there is none. None of the following conclusions 
requires this assumption unless explicitly stated. 

Most of the above observations have already appeared 
in the literature but we now go on to describe the two 
main results of this paper, which have not been derived 
from general principles before. 

1. The Semi-circle Law: We now show that particle- 
hole symmetry, together with /C invariance, implies the 
semi-circle law. The proof of this argument hinges on 
the existence of a unique and well-known function, /(cr), 
which has the following two crucial properties [Q: 1. It 
provides a one-to-one map from the fundamental domain 
to the complex plane (including the point at infinity); 2. 
It is invariant under the action of the symmetry group 
/C, f{j{(j)) — /(c). Define a /3-function for /, 

dt da dt da 

We can conclude that B{f, f) is invariant with respect to 
/C — since / is already invariant, /C-invariance imposes 
no further restrictions on the function B{f, /). 

Now impose particle- hole symmetry, P. To determine 
the consequences for B{f,f) due to P we use the fol- 
lowing explicit expression [Q for / in terms of Jacobi 
functions (a very clear description of these classical func- 
tions is given in [pl||): 



^2 



1 



256g^ 



n 



1 



^2J^ 
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(4) 



where q = e*'^' 
try on g is P 

/ that P : / = f{—q) — f{q)- Thus particle-hole sym- 
metry implies that B{f, f) must be invariant under the 
interchange of / and /. So this implies that 



. Since the action of particle-hole symme- 
q — > —q, it is clear from the definition of 



dt 



BifJ), 



df 
dt 



B{fJ)^BifJ). 



(5) 



Now suppose we start our RG flow from a value of a 
for which / is real. Equation (^ states that B is real 
when evaluated at this point, and hence ^ must be real. 
Repeating this argument point-by-point along the flow 
line we see that particle-hole symmetry implies / cannot 
develop an imaginary part if it doesn't start with one. We 
conclude that curves on which f is real are integral curves 
of any renormalisation group flow which commutes with 
both K. and P! 
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The curves along which / is real are easily found, and 
for the fundamental domain consist of the curves defining 
the boundaries, plus the vertical line a ^ ^ + iw, w > ^. 
f is real along the vertical lines a = + iw (with n 
integral) because it is an even function of q, and q is real 
or pure imaginary when evaluated along these vertical 
lines. To see that / is also real on the semi-circular arch 
spanning and 1 requires the following classical facts 
about the t^-functions (see e.g. page 475): 

d2{-i/<j) ^V^M<^), ^3i~i/<y) = V^M'^) (6) 

dii-l/cr) = \/^t?2(o-). (7) 

The factors of \J —ia here cancel when we take ratios to 
form / and so /(-l/ff) = -^^^f^ ■ Now a -l/cr 
sends the vertical line a = 1 + iw, < w < oo, onto the 
semi-circle spanning 1 and 0. Since (a = 2,3,4) are 
all real on said vertical line (see e.g. |2l|), / must be real 
on said semi-circle, the latter is then perforce an integral 
curve of the renormalisation group flow. 

The complete set of integral curves is then obtained by 
mapping the above curves around the complex plane us- 
ing /C, and this is how figure 1 is generated. Points where 
trajectories cross are fixed points of the renormalisation 
group flow, and the fixed point at ct* = is evident. 
The direction of the flow lines is uniquely determined if 
we assume that there are no other fixed points, the Hall 
plateau are attractive fixed points of the flow, and that 
the flow comes downwards vertically from a — ioo. The 
line segment a = —■^ + iw, ^ < w < oo is mapped onto 
a = ^ + iw, < w < jbyF — the latter line must 
therefore flow upwards towards if the former flows 
downwards towards — Assuming that and 1 are 
attractive fixed points then determines the flow direction 
as indicated by the arrows in figure 1. Notice we are in- 
evitably led to the existence of the semi-circles linking 
to 1/2 in figure 1. 

It is a general property that the KLZ group takes semi- 
circles centred on the real axis to other semi-circles also 
centred on the real axis (including the degenerate case 
of infinitely large semi-circles, which are vertical lines 
parallel to the imaginary axis). It follows that the flow 
between any two Hall plateaux must be along a semi- 
circle, centred on the real axis, which is the image of the 
basic semi-circle connecting and 1. 

In this way we obtain a robust derivation of the semi- 
circle law, which states that the conductivities move 
along such semi-circles in the conductivity plane during 
transitions between Hall plateaux. (Since the relation 
p = —l/cr maps, for example, semi-circles having one 
end at (T = into vertical lines in the p plane, the cor- 
responding statement in the resistivity plane is that for 
transitions from Hall fluids to the Hall insulator, the flow 
is along lines of constant Pxy) Although the semi-circle 
law was proposed in p2[ on the basis of a particular mi- 
croscopic model, we see here that it holds more generally 



than does its original derivation. Any model compati- 
ble with the symmetry of the law of corresponding states 
must reproduce it. Experimentally, the law is also well 
supported psf . 
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Figure 1 

2. Duality: A second experimentally striking result 
which follows quite generally from the symmetry version 
of the Law of Corresponding States is the existence of a 
duality symmetry relating the conductivities of the flow 
on either side of the critical point as one flows between 
any two allowed Hall plateaux, or between Hall plateaux 
and the Hall insulator. 

Since all flows are related by a symmetry to the ba- 
sic semi-circle running between and 1, we derive the 
duality symmetry for this semi-circle in detail. A conve- 
nient parameterization of the semi-circle from to 1 is 

<^=1 + i( ^Tw"" )' ^i*^ < u; < oo. The key obser- 
vation is that this curve is reflected into itself about the 
vertical line = i by P - as well as by 7 = (2(7-^1) ^ ^■ 
In terms of the parameter w this becomes w — > 1/w, 
and since the semi-circle transformed to the p plane is 
p = —l + iw, this is recognizable as the pxx ^/pxx 
duality which has been observed in the transition to 
the Hall insulator from the — 1 integer Hall state. 

The extension to other transitions follows from the ac- 
tion of /C. For ^ • ^ ^ ^ with p2<Zi ~ P1Q2 ~ 1, where 
the transition is along the curve p — ~('?^p^+"^ qipi)+iw 

the duality is again given by u; ^ 1/w. As specialized 
to transitions to the Hall insulator from the Laughlin 
sequence, 1/ : 2n+i ~* '^'-'^ vertical line 

p = — (2n+ 1) + iw in the resistivity plane and so the du- 
ality w — > l/w again implies the inversion pxx ~* ^/ Pxx 
about the critical point. 

In conclusion, we wish to emphasise two points. First, 
the assumption that the law of corresponding states holds 
as a symmetry at low temperatures leads to an infinite 
order discrete symmetry group for the quantum Hall ef- 
fect — called the KLZ group here. This group acts on the 
upper-half complex conductivity plane. If this is to be a 
symmetry its action must commute with the renormali- 
sation group flow of the system and fixed points of the 
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group action must be fixed points of the flow. Three kinds 
of fixed points are predicted in this way: attractive fixed 
points with axx = (which are images under the group 
of the basic ones at cr = or 1 and all have odd denom- 
inator) describing the quantum Hall fluids and the Hall 
insulator; repulsive fixed points with a^x — (which are 
images of cr = 1/2 and all have even denominator) and 
saddle points (which are images under the group of the 
basic one at a = ^(l-l-z)) describing the critical points in 
the transitions between the various quantum Hall states. 
By organizing the critical points of the system via a (in- 
finite order) discrete symmetry, the KLZ group furnishes 
a fascinating generalisation of the Kramers- Wannier Z2 
duality of the Ising model. 

Particle-hole symmetry places further restrictions on 
the /3-function and dictates that the form of the RG flow 
between Hall plateaux, and between the plateaux and the 
Hall insulator, to described by semi-circle law. It also in- 
escapably predicts the general existence of a duality sym- 
metry for all Hall transitions, which reduces to the ob- 
served pxx ^/Pxx duality for Laughlin-sequence/Hall- 
insulator transitions. 

A point that must be addressed here is that the ex- 
perimental data do not always reproduce a fixed point 
exactly at axx = 1/2 for integer transitions. For example 
in the critical point in the 1 — > transition is def- 
initely not identified with This is therefore incom- 
patible with the law of corresponding states. However, 
it is notoriously difficult to extract the longitudinal re- 
sistivity (and hence conductivity) from the longitudinal 
resistance (this issue is discussed, for example, on page 52 
in Cage's article in |2^]) — the relationship between these 
two quantities is plagued with geometrical ambiguities, 
unlike the transverse resistivity. Since a Hall-insulator 
transition 2q+i ~^ in the a plane corresponds to a ver- 
tical line p — —(2(7 + 1) + iw, w > 0, in the resistivity 
plane, rescaling the imaginary part of p does not affect 
the semi-circle law in the a plane for these transitions. 
However it does move the critical point. One interpre- 
tation of the experiment is that the experimentally 
determined longitudinal resistivity is not the same as the 
true microscopic longitudinal resistivity, but a constant 
multiple of it (a factor of 1.7 in this particular experi- 
ment). 

We thank C.A. Liitkcn for helpful discussions. C.B. is 
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